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DISCRETELY DECOMPOSABLE RESTRICTIONS OF (g,K)-MODULES
FOR KLEIN FOUR SYMMETRIC PAIRS OF EXCEPTIONAL LIE
GROUPS OF HERMITIAN TYPE
HAIAN HE
Abstract. Let (G,GΓ) be a Klein four symmetric pair. The author wants to classify all the
Klein four symmetric pairs (G,GΓ) such that there exists at least one nontrivial unitarizable
simple (g, K)-module piK that is discretely decomposable as a (g
Γ, KΓ)-module. In this
article, three assumptions will be made. Firstly, G is an exceptional Lie group of Hermitian
type, i.e., G = E6(−14) or E7(−25) . Secondly, G
Γ is noncompact. Thirdly, there exists an
element σ ∈ Γ corresponding to a symmetric pair of anti-holomorphic type such that piK is
discretely decomposable as a (gσ ,Kσ)-module.
1. Introduction
Let G be a noncompact simple Lie group, and G′ a reductive subgroup of G. Write g and g′
for the complexified Lie algebras of G and G′ respectively. Take a maximal compact subgroup
K of G such that K ′ := K ∩G′ is a maximal compact subgroup of G′. An important problem
in branching theory is to classify the reductive Lie group pairs (G,G′) such that there exists
at least one nontrivial unitarizable simple (g,K)-module that is discretely decomposable as a
(g′,K ′)-module.
If G′ is compact, this always holds obviously. Hence in this article, the author will only
considers the cases when G′ is noncompact. If (G,G′) is a symmetric pair, the problem
was solved completely by Toshiyuki KOBAYASHI and Yoshiki O¯SHIMA in [11, Corollary
5.8]. If G is simple Lie group of Hermitian type, and G′ contains the center of K, then any
irreducible unitary highest weight representation pi of G is K ′-admissible [7], and it follows
from [8, Proposition 1.6] that the underlying (g,K)-module piK is discretely decomposable as
a (g′,K ′)-module. In particular, it is the case when (G,GΓ) is a Klein four symmetric pair
of holomorphic type [1, Corollary 7], where Γ is a Klein four subgroup of the automorphism
group AutG and GΓ is the subgroup of the fixed points under the action of Γ on G. In [1] and
[2], the author classified all the Klein four symmetric pairs of holomorphic type for E6(−14) and
E7(−25) respectively. A more general question for Klein four symmetric pair is as follow.
Problem 1. Classify all the Klein four symmetric pairs (G,GΓ) such that there exists at
least one nontrivial unitarizable simple (g,K)-module piK that is discretely decomposable as a
(gΓ,KΓ)-module.
Problem 1 is hard, even if one just considers the cases when G = E6(−14) or E7(−25). However,
one may consider the following problem which seems not so hard as Problem 1.
Problem 2. Classify all the Klein four symmetric pairs (G,GΓ) such that there exists at least
one nontrivial unitarizable simple (g,K)-module piK satisfying two conditions:
• piK is discretely decomposable as a (gΓ,KΓ)-module;
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• piK is discretely decomposable as a (gσ,Kσ)-module for some involutive automorphism σ ∈ Γ
of anti-holomorphic type.
where gσ (respectively, Kσ) is the subalgebra (respectively, subgroup) of the fixed points under
the action of σ on g (respectively, Kσ).
The article is organized as follows. After recalling the definitions and the fundamental re-
sults of discrete decomposability and Klein four symmetric pairs in Section 2, the author will
make use of the classification result in [11, Theorem 5.2 & Table 1] to show that the only
pair worthy to be studied is (E6(−14), Spin(8, 1)) in Section 3. Then the author will show that
(G,GΓ) = (E6(−14), Spin(8, 1)) is indeed a Klein four symmetric pair, and there exists a non-
trivial unitarizable simple (g,K)-module piK satisfying the two conditions in Problem 2. This
involves some computations, and the main theorem will be displayed in Section 4. Finally, in
Section 5, the author will briefly discuss G′-admissibility of unitary irreducible representations
of G, based on a conjecture by Toshiyuki KOBAYASHI in [9].
When writing this article, the author communicated with professor Jorge VARGAS frequently,
who gave some important suggestions. The author would like to express the thankfulness to
professor Jorge VARGAS.
2. Preliminary
2.1. Discrete decomposability. Let G be a noncompact simple Lie group with the com-
plexified Lie algebra g, and G′ a reductive subgroup of G with the complexified Lie algebra g′.
Take a maximal compact subgroup K of G, which is the subgroup of the fixed points under the
action of a Cartan involution θ on G. In particular, it is assumed that θ(G′) = G′; equivalently,
K ′ := K ∩G′ is a maximal compact subgroup of G′.
Definition 3. A (g,K)-module X is called discretely decomposable as a (g′,K ′)-module if
there exists an increasing filtration {Xi}i∈Z+ of (g′,K ′)-modules such that
⋃
i∈Z+
Xi = X and
Xi is of finite length as a (g
′,K ′)-module for any i ∈ Z+.
Remark 4. Suppose that X is a unitarizable (g,K)-module. According to [8, Lemma 1.3], X
is discretely decomposable as a (g′,K ′)-module if and only if X is isomorphic to an algebraic
direct sum of simple (g′,K ′)-modules.
Proposition 5. Let piK be a unitarizable simple (g,K)-module. Then piK is discretely decom-
posable as a (g′,K ′)-module if and only if there exists a simple (g′,K ′)-module τK′ such that
Homg′,K′(τK′ , piK) 6= {0}.
Proof. See [8, Lemma 1.5]. 
2.2. Klein four symmetric pairs.
Definition 6. Let G (respectively, g0) be a real simple Lie group (respectively, Lie algebra),
and let Γ be a Klein four subgroup of AutG (respectively, Autg0). Denote by G
Γ (respectively,
gΓ0 ) the subgroup (respectively, subalgebra) of the fixed points under the action of all elements in
Γ on G (respectively, g0). Then (G,G
Γ) (respectively, (g0, g
Γ
0 )) is called a Klein four symmetric
pair.
Remark 7. In particular, if G (respectively, g0) is a real simple Lie group (respectively, Lie
algebra) of Hermitian type, and every nonidentity element σ ∈ Γ defines a symmetric pair of
holomorphic type, then (G,GΓ) (respectively, (g0, g
Γ
0 )) is called a Klein four symmetric pair
of holomorphic type. In this article, the author considers Klein four symmetric pairs of non-
holomorphic type; namely, there exists at least one element σ ∈ Γ which defines a symmetric
pair of anti-holomorphic type.
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With the notations above, for a Klein four symmetric pair (G,GΓ), the maximal compact
subgroup K of G is always supposed to satisfy σ(K) = K for all σ ∈ Γ, so that KΓ = K ∩GΓ
is a maximal compact subgroup of GΓ.
Proposition 8. If (G,GΓ) is a Klein four symmetric pair of holomorphic type, then any irre-
ducible unitary highest weight representation pi of G is KΓ-admissible, and hence the underlying
(g,K)-module piK is discretely decomposable as a (g
Γ,KΓ)-module.
Proof. See [7, Theorem 2.9(1) & Example 2.13 & Example 3.3] or [1, Corollary 7] for the first
statement, and the second statement follows from [8, Proposition 1.6]. 
3. An investigation to classfication
Let G be a noncompact simple Lie group, and Γ a Klein four subgroup of AutG. Then (G,GΓ)
is a Klein four symmetric pair and (G,Gσ) is a symmetric pair for each nonidentity σ ∈ Γ.
Take a maximal compact subgroup K of G such that σ(K) = K for all σ ∈ Γ.
Lemma 9. Let piK be a unitarizable simple (g,K)-module, and let σ ∈ Γ. If piK is discretely
decomposable as a (gΓ,KΓ)-module and is also discretely decomposable as a (gσ,Kσ)-module,
then there exists a unitarizable simple (gσ,Kσ)-module which is discretely decomposable as a
(gΓ,KΓ)-module.
Proof. By the assumption that piK is discrete decomposable as a (g
σ,Kσ)-module, it follows
from Remark 4 that piK =
⊕
i
m(i)ηiKσ is an algebraic direct sum of simple (g
σ,Kσ)-modules
because piK is unitarizable, where m(i) is the multiplicity of ηiKσ . On the other hand, piK
is discretely decomposable as a (gΓ,KΓ)-module, so according to Proposition 5, there exists
a simple (gΓ,KΓ)-module τKΓ such that HomgΓ,KΓ(τKΓ , piK) 6= {0}. Hence, one has {0} 6=
HomgΓ,KΓ(τKΓ ,
⊕
i
m(i)ηiKσ ) ⊆
∏
i
m(i)HomgΓ,KΓ(τKΓ , ηiKσ ), and there is at least one simple
(gσ,Kσ)-module ηiKσ such that HomgΓ,KΓ(τKΓ , ηiKσ ) 6= 0. Again by Proposition 5, ηiKσ is
discretely decomposable as a (gΓ,KΓ)-module, and it is unitarizable because piK is unitarizable.

The author will find out all the Klein four symmetric pairs (G,GΓ) of exceptional Lie groups
of Hermitian type as required in Problem 2. Since the author excludes the cases when GΓ is
compact, Γ is not supposed to contain any Cartan involution of G. On the other hand, it is
known from [5] that, for any nontrivial irreducible unitary representation of G, its restriction
to its reductive subgroup G′ contains no trivial subrepresentations. Hence in Lemma 9, if piK
is supposed to be nontrivial, all the direct summands are nontrivial. Because of the conditions
in Problem 2, Proposition 8, and Lemma 9, the author needs to find reductive Lie group triple
(G,Gσ, GΓ) such that
• G is either E6(−14) or E7(−25).
• both Gσ and GΓ are noncompact.
• (G,Gσ) is a symmetric pair of anti-holomorphic type, such that there exists at least one
nontrivial unitarizable simple (g,K)-module which is discretely decomposable as a (gσ,Kσ)-
module.
• (Gσ, GΓ) is a symmetric pair, such that there exists at least one nontrivial unitarizable simple
(gσ,Kσ)-module which is discretely decomposable as a (gΓ,KΓ)-module.
According to the classification result [11, Theorem 5.2 & Table 1], (E6(−14),F4(−20), Spin(8, 1))
(up to covering group) is the only triple that satisfies the above four conditions.
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Figure 1. Dynkin diagram of E6.
In the next section, the author will show that (g0, g
Γ
0 ) = (e6(−14), so(8, 1)) is a Klein four
symmetric pair. Moreover, (G,GΓ) satisfies the conditions in Problem 2.
4. (e6(−14), so(8, 1))
4.1. Elementary abelian 2-subgroups in Aute6(−78). Recall the construction of the el-
ementary abelian 2-subgroups in the compact Lie group Aute6(−78) in [13]. Let e6 be the
complex simple Lie algebra of type E6. Fix a Cartan subalgebra of e6 and a simple root system
{αi | 1 ≤ i ≤ 6}, the Dynkin diagram of which is given in Figure 1. For each root α, denote
by Hα its coroot, and denote by Xα the normalized root vector so that [Xα, X−α] = Hα.
Moreover, one can normalize Xα appropriately such that
SpanR{Xα −X−α,
√−1(Xα +X−α),
√−1Hα | α : positive root} ∼= e6(−78)
is a compact real form of g by [4]. It is well known that Aute6(−78)/Inte6(−78) ∼= Aute6/Inte6,
which is just the automorphism group of the Dynkin diagram.
Follow the constructions of involutive automorphisms of e6(−78) in [3]. Let ω be the specific
involutive automorphism of the Dynkin diagram defined by
ω(Hα1) = Hα6 , ω(X±α1) = X±α6 ,
ω(Hα2) = Hα2 , ω(X±α2) = X±α2 ,
ω(Hα3) = Hα5 , ω(X±α3) = X±α5 ,
ω(Hα4) = Hα4 , ω(X±α4) = X±α4 .
Let σ1 = exp(
√−1piHα2), σ2 = exp(
√−1pi(Hα1 +Hα6)), σ3 = ω, σ4 = ωexp
(
√−1piHα2), where exp represents the exponential map from e6(−78) to Aute6(−78). Then σ1,
σ2, σ3, and σ4 represent all conjugacy classes of involutions in Aute6(−78), which correspond
to real forms e6(2), e6(−14), e6(−26), and e6(6).
From [3], it is known that (Inte6(−78))
σ3 ∼= F4(−52), the compact Lie group of type F4, and
there exist involutive automorphisms τ1 and τ2 of F4(−52) such that f
τ1
4(−52)
∼= sp(3)⊕ sp(1) and
fτ24(−52)
∼= so(9), where f4(−52) denotes the compact Lie algebra of type F4. Moreover, τ1 and
τ2 are conjugate to σ1 and σ2 in Aute6(−78) respectively, which represent all conjugacy classes
of involutions in Autf4(−52).
Now one has ((Inte6(−78))
σ3 )τ1 ∼= Sp(3) × Sp(1)/〈(−I3,−1)〉, where I3 is the 3 × 3 identity
matrix. Let i, j, and k denote the fundamental quaternion units, and then set x0 = σ3,
x1 = τ1 = (I3,−1), x2 = (iI3, i), x3 = (jI3, j), x4 = (

 −1 0 00 −1 0
0 0 1

 , 1), and x5 =
(

 −1 0 00 1 0
0 0 −1

 , 1). For a pair (r, s) of integers with r ≤ 2 and s ≤ 3, define
Fr,s := 〈x0, x1, · · · , xs, x4, x5, · · · , xr+3〉
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the group generated by the elements in the angle blanket. According to [13, Proposition 6.3],
each elementary abelian 2-subgroup in Aute6(−78), which contains an element conjugate to σ3,
is conjugate to one of the groups in Fr,s.
4.2. Klein four symmetric pair (e6(−14), so(8, 1)). If σ is an involutive automorphism of
e6(−78), which is conjugate to σ2 as defined above, then by the construction, e6(−14) ∼= eσ6(−78)+√−1e−σ6(−78), where e±σ6(−78) are the eigenspaces of eigenvalues±1 under the action of σ on e6(−78).
Thus, if 〈σ, η1, η2, · · · , ηn〉 is an elementary abelian 2-subgroups of rank n + 1 of Aute6(−78),
then 〈η1, η2, · · · , ηn〉 is an elementary abelian 2-subgroups of rank n of Aute6(−14).
Recall the construction of Fr,s above. If taking r = 2 and s = 0, then F2,0 = {x0, x4, x5} is
an elementary abelian 2-subgroups of rank 3 of Aute6(−78). It is already known that x0 = σ3
by the construction. Moreover, by [1, Lemma 8], it is known that x4, x5, and x4x5 are the
only three elements conjugate to σ2. Thus, 〈x0, x4〉 is a Klein four subgroup of Aute6(−14) ∼=
Aut(ex56(−78) +
√−1e−x56(−78)) as well as that of Aute6(−78).
Proposition 10. The pair (e6(−14), so(8, 1)) is a Klein four symmetric pair.
Proof. The author shows that e
〈x0,x4〉
6(−14)
∼= so(8, 1). In fact, according to the classification of
the Klein four symmetric pairs in [3, Table 4], there is only one Klein four subgroup Γ7 of
Aute6(−78), which contains two elements conjugate to σ2 and σ3 respectively, and e
Γ7
6(−78)
∼=
so(9). Therefore, 〈x0, x4〉 ∼= Γ7, and e〈x0,x4〉6(−14) must be some noncompact dual of so(9). Moreover,
e
〈x0,x4,x5〉
6(−14) = e
〈x0,x4,x5〉
6(−78) is a maximal compact subalgebra of e
〈x0,x4〉
6(−14) . Notice that e
x0
6(−78)
∼=
f4(−52). Since x4, x5, and x4x5 are all conjugate to τ2 in Autf4(−52), again by [3, Table 4],
e
〈x0,x4,x5〉
6(−14) = e
〈x0,x4,x5〉
6(−78)
∼= f〈x0,x4〉4(−52) ∼= so(8). Now e
〈x0,x4〉
6(−14) is the noncompact dual of so(9) with
the maximal compact subalgebra so(8), and hence it is just so(8, 1). 
Remark 11. The proof of Lemma 10 greatly depends on the classification of Klein four sym-
metric pairs in [3, Table 4], where Jingsong HUANG and Jun YU used symbol σi to represent
conjugacy classes for all Lie algebras. Here, the author uses τi for f4(−52) in order to distinguish
the conjugacy classes between f4(−52) and e6(−78).
4.3. Discretely decomposable restriction. For convenience, write G = E6(−14) and denote
by its complexified Lie algebra g. Retain the notations as above, and 〈x0, x4〉 is a Klein four
subgroup of AutG such that G〈x0,x4〉 is the reductive subgroup of G corresponding to the
subalgebra so(8, 1). Take a maximal compact subgroup K satisfying x0(K) = x4(K) = K,
and denote by θ the Cartan involution of G corresponding to K. Since G is a simple Lie group
of Hermitian type with equal rank, namely, the rank of E6(−14) coincides with the rank of its
maximal compact subgroup, one may take a highest weight discrete series representation of
E6(−14).
Lemma 12. Let g0 = e6(−14), the Lie algebra of G = E6(−14). Then g
x4
0
∼= so(8, 2)⊕√−1R.
Proof. It is known that x4, x5, and x4x5 are all conjugate to σ2. By [3, Table 1], e
x4
6(−78)
∼=
so(10)⊕√−1R which is the compact dual of gx40 . Moreover, by [3, Table 4], e〈x4,x5〉6(−78) ∼= so(8)⊕
2(
√−1R) which is a maximal compact subalgebra of gx40 . Therefore, gx40 ∼= so(8, 2)⊕
√−1R. 
Choose a Cartan subalgebra t of k, the complexification of the Lie algebra k0 of K, and a
positive system ∆+(k, t). For a dominant integral weight λ ∈ t∗, denote by F (λ) the irreducible
representation of K with the highest weight λ. Moreover, since g0 = e6(−14) is of Hermitian
type, one has a decomposition g = k+ p++ p− as a k-module. Let p− act as zero on F (λ) and
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write L(λ) for the unique simple quotient of the (g,K)-module U(g) ⊗U(k+p−) F (λ), which is
a lowest weight simple (g,K)-module.
Recall the settings in Section 4.1. For each simple root αi, denote by ωi the fundamental
weight corresponding to αi. Suppose that α6 is the noncompact simple root corresponding to
g0 = e6(−14). It is known from [12] that L(3ω6) is unitarizable.
Proposition 13. The unitarizable lowest weight simple (g,K)-module L(3ω6) is discretely
decomposable as a (g〈x0,x4〉,K〈x0,x4〉)(= (so(9,C), Spin(8)))-module.
Proof. It is known from [12, Setting 2.6 & Theorem 3.1 & Equation (3.22)] immediately that
L(3ω6) is discretely decomposable as a (g
x4 ,Kx4)-module, where gx4 ∼= so(10,C) ⊕ so(2,C)
and Kx4 ∼= Spin(8) × Spin(2)2 up to finite quotient. Moreover, one has a semisimple decom-
position L(3ω6) =
+∞⊕
k=0
L′(3µ1 + kµ5)⊠ Ck+2 as a (g
x4 ,Kx4)-module, where µ1 and µ5 are the
fundamental weights corresponding to the simple roots for so(10,C) as in [12, Setting 2.2],
L′(3µ1 + kµ5) is the lowest weight simple (g
x4 ,Kx4)-module with the parameter 3µ1 + kµ5,
and Ck+2 is some one dimensional (so(2,C), Spin(2))-module.
In particular, when k = 0, L′(3µ1) ⊠ C2 is a simple (g
x4 ,Kx4)-submodule of L(3ω6). Also,
L′(3µ1) ⊠ C2 ∼= L′(3µ1) as a (so(10,C), Spin(8) × Spin(2))-module. Moreover, according to
[12, Setting 2.2 & Theorem 6.1], L′(3µ1) is simple as a (so(9,C), Spin(8))-module. Thus
Homso(9,C),Spin(8)(L
′(3µ1), L(3ω6)) = Homso(9,C),Spin(8)(L
′(3µ1),
+∞⊕
k=0
L′(3µ1 + kµ5) ⊠ Ck+2) =
Homso(9,C),Spin(8)(L
′(3µ1),
+∞⊕
k=0
L′(3µ1 + kµ5)) 6= {0}. The conclusion follows from Proposi-
tion 5. 
Lemma 14. Let g0 = e6(−14), the Lie algebra of G = E6(−14). Then g
x0
0
∼= f4(−20).
Proof. The proof is similar to that for Lemma 12. By [3, Table 1], ex06(−78)
∼= f4(−52) which
is the compact dual of gx00 . Moreover, by the proof for Proposition 10 and [3, Table 4],
〈x0, x5〉 ∼= Γ7 and e〈x0,x5〉6(−78) ∼= so(9) which is a maximal compact subalgebra of gx00 . Therefore,
gx00
∼= f4(−20). 
Proposition 15. The symmetric pair (G,Gx0) = (E6(−14),F4(−20)) is of anti-holomorphic
type, and L(3ω6) is discretely decomposable as a (g
x0 ,Kx0)(= (f4,C, Spin(9)))-module.
Proof. See [10, Table C.2] for the first statement. As for the second statement, it is known from
[12] that L(3ω6) is a minimal representation; in particular, it has the smallest Gelfand-Kirillov
dimension. Thus, by [11, Proposition 4.10 & Theorem 5.2 & Table 1], L(3ω6) is discretely
decomposable as a (f4,C, Spin(9))-module. 
The author ends up the section with a conclusion.
Theorem 16. Let G be an exceptional Lie group of Hermitian type, i.e., G = E6(−14) or
E7(−25), and (G,G
Γ) be a Klein four symmetric pair defined by a Klein four subgroup Γ ⊆ AutG
such that GΓ is noncompact. Take a maximal compact subgroup K of G, which is stable
under the action of all elements in Γ on G. Then there exists a nontrivial unitarizable simple
(g,K)-module piK which is both discretely decomposable as a (g
Γ,KΓ)-module and is discretely
decomposable as a (gσ,Kσ)-module for some σ ∈ Γ of anti-holomorphic type, if and only if
(g, gΓ) = (e6(−14), so(8, 1)).
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Proof. Suppose that (g, gΓ) = (e6(−14), so(8, 1)). Take σ ∈ Γ such that gσ = f4(−20). Then
(g, gσ) is a symmetric pair of anti-holomorphic type, and L(3ω6) is discretely decomposable as
a (gσ,Kσ)-module by Proposition 15. Moreover, it follows from Proposition 13 that L(3ω6)
is discretely decomposable as a (gΓ,KΓ)-module. Conversely, suppose that GΓ is noncompact
and (G,GΓ) is not of holomorphic type. If there exists a nontrivial unitarizable simple (g,K)-
module piK which is both discretely decomposable as a (g
Γ,KΓ)-module and is discretely
decomposable as a (gσ,Kσ)-module for some σ ∈ Γ of anti-holomorphic type, then only the
pair (G,GΓ) corresponding to (g, gΓ) = (e6(−14), so(8, 1)) satisfies Lemma 9. 
5. A conjecture for GΓ-admissibility
Let G be a noncompact simple Lie group, and G′ a reductive subgroup of G. Retain all the
settings as in Section 1. Suppose that pi is an irreducible unitary representation of G on a
Hilbert space. If the underlying (g,K)-module piK is discretely decomposable as a (g
′,K ′)-
module, then pi decomposes as a Hilbert direct sum of irreducible subrepresentations of G′:
pi =
⊕̂
τ
m(τ)τ
where each τ is an irreducible representation of G′ with the multiplicity m(τ) ∈ Z≥0 ∪ {+∞}.
Moreover, denote by τK′ the underlying (g
′,K ′)-module of τ , and then one has m(τ) =
Homg′,K′(τK′ , piK).
If pi decomposes as a Hilbert direct sum of irreducible subrepresentations of G′ with finite
multiplicities, i.e., m(τ) ∈ Z≥0 for all τ , then pi is called G′-admissible.
Retain all the settings as in Section 2.2. Now let G be an exceptional Lie group, and Γ a Klein
four subgroup of AutG, which defines a Klein four symmetric pair (G,GΓ). In this section,
the author conjectures a “upper bound” of Klein four symmetric pair (G,GΓ) such that there
exists a nontrivial irreducible unitary representation of G which is GΓ-admissible. According
to Proposition 8, if (G,GΓ) is a Klein four symmetric pair of holomorphic type, any highest
weight representation of G is KΓ-admissible, and hence is GΓ-admissible by [6, Theorem 1.2].
Now the author just assumes that (G,GΓ) is not of holomorphic type. Further, assume that GΓ
is noncompact. Suppose that an irreducible unitary representation pi of G is GΓ-admissible,
then it follows from [6, Theorem 1.2] that pi is Gσ-admissible for all σ ∈ Γ. The following
conjecture was raised by Toshiyuki KOBAYASHI in [9, Conjecture E].
Conjecture 17. Suppose that (G,G′) is a symmetric pair. Then piK is discretely decomposable
as a (g′,K ′)-module if and only if pi is G′-admissible.
If Conjecture 17 is true, piK is discretely decomposable as a (g
σ,Kσ)-module for all σ ∈ Γ. By
the classification of discretely decomposable (g,K)-modules in [11, Theorem 5.2 & Table 1],
the only case is that G = E6(−14) and G
σ = F4(−20) for some σ ∈ Γ. Recall the notations in
Section 4, Klein four subgroups of Aute6(−14) correspond to elementary abelian 2-subgroups
of rank 3 of Aute6(−78), and Aute6(−14) is a noncompact dual of Aute6(−78) defined by an
involutive automorphism conjugate to σ2. Moreover, if G = E6(−14) and G
σ = F4(−20), then σ
must correspond to an involutive automorphism conjugate to σ3 by Section 4.1 and [3, Table
1]. Therefore, one needs to find all the elementary abelian 2-subgroups of rank 3 of Aute6(−78)
which contains two elements conjugate to σ2 and σ3 respectively. Recall the subgroups Fr,s in
Section 4.1, by [1, Lemma 8] and [13, Theorem 6.3 & Table 3], there is only one such subgroups:
〈x0, x4, x5〉.
In the subgroup 〈x0, x4, x5〉, the elements conjugate to σ2 are exactly x4, x5, and x4x5 by [1,
Lemma 8]. By [3], x0, x0x4, x0x5, and x0x4x5 are all conjugate to σ3. By [13, Proposition
6.9] and a quick computation as the proof for [1, Lemma 12], one only needs to consider the
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case that e6(−14) ∼= ex56(−78) +
√−1e−x56(−78) and Γ = 〈x0, x4〉. But this just gives the Klein four
symmetric pair (e6(−14), so(8, 1)).
Thus, based on Conjecture 17, the author conjectures a “upper bound” for GΓ-admissible
nontrivial irreducible unitary representations of G, taking compact GΓ into consideration.
Conjecture 18. Let G be an exceptional Lie group of Hermitian type, i.e., G = E6(−14) or
E7(−25), and (G,G
Γ) be a Klein four symmetric pair. Denote by g and gΓ the complexified Lie
algebras of G and GΓ respectively. If there exists a nontrivial unitary irreducible representation
of G that is GΓ-admissible, then (G,GΓ) satisfies one of the following conditions:
(i) GΓ is compact.
(ii) (G,GΓ) is a Klein for symmetric pair of holomorphic type.
(iii) (g, gΓ) = (e6(−14), so(8, 1)).
Remark 19. Conjecture 17 implies Conjecture 18. Even if Conjecture 18 is true, it is not
known whether there does exist a nontrivial unitary irreducible representation of G that is
GΓ-admissible for condition (i) or (iii).
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